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z(G) = min{p + k : G ∈ KpSk}





% 024 424 40! 
H
2     )2  * )2 
H
G  3!ﬃ2  p
)1   ﬀ*-0!'> k *2 )

















.  ﬁ 
#8,g Ł3*;%(v%(
=
`5ﬂ+%(.NB$5<A NP "312 ﬃ-*'3o-*ﬂ1U1(EFn%( = -L12'.gU12 ﬃ;%('ﬁ"<%2+3

























G ∈ KpSk E	%( = 12*'.gkE G ∈ KkSp bDf$*f. ﬃ-*'.3
$&%(










 2 0( %:
( !'2 ﬀ 42 
-*ﬂ12-LﬂgABX$*"+$












"	   ﬂ! ﬂ

&
  ! 	#ﬀ
."3H%(,gﬃ. = )"3 = )*8*NBﬂ+%(-*$k1(EŁ%#-*'..]NBﬂ+%(-*$WAU%\"'.4,)/%( = %#+%(8*'/T%(ﬂXﬂ3-03".S'.gh%#-*'..









        1 

2   
(p, k)

	       ﬀ      	4351
   ! #0ﬀ%  G 

,
 (p, k) 0@
))
 *   #ﬀ%0! *ﬀ "*23*  "! 8 !'> 3!# 0!  3!'>  > (p, k) 
 *   #ﬀ% 
H
(  3( ( *ﬀ <=  3!
G
 












* %'1 324  "!:> % !:>!'  ! ( )
1(E
G









"312'12ﬂ.*N -*ﬂ128*' !c%( = rx.  1U"312'12ﬂ.*NA/%"312'12ﬂ
"312ﬂﬂ3-012 = /1d.$ﬂﬁ%h"'.4,)O12ﬂ7%k+%(8*'\+HX$ﬂ<%2#%h"312'12ﬂ7734,)*.SB%(',71d%h-*'..HNBﬂ+%(-*$
.o$"<%2#1(ED-*'..e"312'12ﬂ.*Nb
_/ h%3g . ﬃ ! = ;%('.g = ﬂ.SJ12 !&%()*ﬂ+%('lﬂ';%(12c8LT3 $12-*. h%('\SB%('.)3c1(E:$
%(801 S/-*ﬂ128*' ! ?DT7$&%3S#"'<%(ﬂ'.g









αp,0(G) + α0,k(G) − pk ≤ αp,k(G) ≤ αp,0(G) + α0,k(G) $12' = /."3 p "'.4,)37%( = k
















   












 323*  2   *  2 V 0!
 % )24 424 4! >ﬁ 3!ﬃ2  (A,B)   A  B (   %  * * ) / )( % 2   *   I2 $02 A  "!'>   *  (H%')2 
( $@24 % 024 42  #ﬀ%    42  "*-   3! 
H
*)2 -*9)23*  !'> B    > "*   3!ﬃ2  !ﬃ 4! 
H
)1   *    32  "*-2  
(H%'( !ﬃ2C
H
 ) 3! 
H



































#0ﬀ%   * (s, t) 
% 0@H 
H
 42  >(  323*  % 
 % 024 424 40! (A,B) 

   A  "*&   3! 
H
02 (  *)2 s *2 
 *9)23*&!'> B  *& !ﬃ 4! 
H




































+-, *$,+* ,B = B- :-?  - : 25B 0 - 0  036 - & 8 6'(>F
_/8,SU12)'.gAY$ = 3"12Sﬂ12\1(EM%('.']$!Nﬂ+%('.
	< = "312'12ﬂ.*Ns-*ﬂ128*' !l !,12 = %(801 S
%(ﬂ NP "312 ﬃ-*'.x%(ﬂ8*.ﬂ+%(ﬂgnNBﬂ+%(-*$<b  12 = ﬂ.*N?FQ"312'12ﬂ+%(8*.'..gsX$*"$s NP "312 ﬃ-*'BA&.
M<%2.'.gd3o$&%( = 3" = .*N!X$$ﬂ/%ONBﬂ+%(-*$o
(p, k)
"312'12ﬂ+%(8*' NP "312 ﬃ-*'ﬁEF12ﬂ p ≥ 3 12ﬂ
k ≥ 3 bDPEm12'.'1 Mf. ﬃ ! = ;%('.gh$&%(T = .*N αp,k u%('+1 NP Z$&%(ﬂ = bDrx12ﬂ31 Sﬂ<A*rs.  1U"312'12ﬂ.*N
%( = rs.o`5-*'..e"312'12ﬂ.*Nh%(ﬂ NP Z$&%(ﬂ = ."3H$gk"312,+%(.c%2u%l-L3";%('0"<%2+H8L12$drx.  12'12ﬂ.*N










.J-L12'.g512 ﬃ;%('T. !BAŁ. NP Z$&%(ﬂ = 1o = α1,1 bh JX$&%(#EF12'.'1<M<AY."3h%('.']$!Nﬂ+%('.
	< =
"312'12ﬂ.*Nh-*ﬂ128*' !7%(ﬂ"'<%(ﬂ'.gn. NP AKu\. ﬃ-*'.gn12 ﬃ.M$*X.s+12 !#1(EY$ NP "312 ﬃ-*'3
-*ﬂ151(EF<b
`USﬂ+%('&~K12]1(Ey$f))&%('*Sﬂ~:"312'12ﬂ.*N#-*ﬂ128*' $&%<SX8L3O.5ﬂ1 = )"3 =k= )*ﬂ.*N#$f';%2




12ﬂ.NB.&%( = X.$w12'.vU h%(   G 
	%( = f%2ﬁ~U.S'.gc) =  = ."3\$ m3  D 
ŁEF12ﬂM$O+%(






































)ﬁ1 ﬁﬂ+%(1U"$5S.'ŁH%('Zb  ﬁ
i%ONBﬂ+%(-*$o










-*ﬂ12-0ﬂ g Pi b ﬁﬂ+%(1U"$,S	.'fl%('Zbn"3122Re3")*ﬂ = .  ﬁ
u$&%(EF12ﬂl%(,gq% =*= ..Sk$ﬂ = .+%(ﬂgNBﬂ+%(-*$
-*ﬂ12-0ﬂ3 Pi A}ﬂ3"312NB*













































Pi %( = <%2"$ Wj Sﬂ&3l$h% =*= ..S!-*ﬂ12-Lﬂg Qj F%n-*ﬂ12-Lﬂg P  > > 424    Eu.l"312 :
-*' !,<A	$&%(l$!-*ﬂ12-LﬂgSﬂ&
=












(P1, . . . ,Pp,Q1, . . . ,Qk) "312'12ﬂ+%(8*'fNBﬂ+%(-*$YX$ﬂ Pi VY%( = Qj V	%(ﬂT%('1/$ﬂ = .+%(ﬂg-*ﬂ12-Lﬂ3<b
o$*H"<%2BAK$%()*$12ﬂM$1  $&%(Xﬂ3"312NB*
	3.*N
(P1, . . . ,Pp,Q1, . . . ,Qk) "312'12ﬂ+%(8*'NBﬂ+%(-*$M
NP "312 ﬃ-*'lX$Sﬂﬁ$ﬂ3"312NB*.121(E (P1, . . . ,Pp) "312'12ﬂ+%(8*'ONBﬂ+%(-*$712ﬂH$ﬂ3"312NB*.12
1(E
(Q1, . . . ,Qk) "312'12ﬂ+%(8*'ONBﬂ+%(-*$/ NP "312 ﬃ-*'BbMf$ NP "312 ﬃ-*'3ﬁ1(E (p, k) "312'12ﬂ.*N
-*ﬂ128*' !ﬃEF12ﬂ
p ≥ 3 12ﬂ k ≥ 3 %('1xEF12'.'1<M:Emﬂ12 $*:ﬂ3)*'.<iu.ﬃ)Kh"33ﬃ1"312 = ﬂ Pi V!%2
K2
FEmﬂ3BA&%(




















"	   ﬂ! ﬂ

&
  ! 	#ﬀ
-*'~U. gc+%()H7' = Em12ﬂ/S2%(ﬂ12)/gU-0371(ED-*ﬂ12-0ﬂ3 bXIJ\X.'.'6ﬂ+%($ﬂH*~c$\-*ﬂ128*' !ﬁ12
X$*"$ TdT12ﬂv %( = = 3" = k$.ﬂﬃ"312 ﬃ-*'~K.3:. 12 !hﬂ3ﬂ" = "<%2+3<btuEF12ﬂn~U-*';%(.*.*N
$ﬃEmﬂ+%( !T12ﬂv1(EH12)*ﬂO) = gA	'\)l-L12.,:12)*O12 !!EF%2"O12q$kﬂ';%(.S = h")*'.3ﬃ1(EM$
Nﬂ+%('.
	< = "312'12ﬂ.*N!-*ﬂ128*' !H$&%(MT#$&%<S.5ﬂ1 = )"3 = b
       1
ﬂ 
1 ,
 3! .0%'1 324
 "!#I!'>
,
 3! 6890@ 3!# ->  > 2  (p, k) 
 "!$# %'

(-*  3! 2  -)
 *ﬀ* 
H
"8 !  32 H#ﬀ% *





ﬀ 3!#  * >  >?2  (p, kmin) 
 "!$# !'>  9     *   3!ﬁ2  )@* *

H
38 !  42  #ﬀ%*










PT12)*' = . ﬃ ! = ;%('.gd. ﬃ-*'.gh-L12'.g512 ﬃ;%('L. !%('.N12ﬂ.$* !fEF12ﬂfrs.s`5-*'..e"312'12ﬂ.*N
















































































































80EF12ﬂ  G 
6%('.$12)*NB$c$gc%(-*-0<%(ﬂ




























ﬂH$3#-&%(ﬂ")*';%(ﬂ#%2)* ﬃ-*12 A&$#-*ﬂ128*' T\$&%(
=
'ﬂ h%(.




















. !~*%2"H%('.N12ﬂ.$* !712ﬂX$45)&%('..go1(E	$%(-*-*ﬂ13~K. h%(12xﬂ+%(1Bﬀb










NBﬂ+%(-*$:-L12';%(ﬂﬃ NP "312 ﬃ-*'Bb  12)*ﬂﬃT12ﬂvLAPu = 3"ﬃ$dﬂ!"';%2ﬃ1(EﬁNBﬂ+%(-*$<AT112)*ﬂ
v51 X' = NBA&X$ﬂ$ﬁﬂ3"312NB*.12x1(E	-012';%(ﬂMNBﬂ+%(-*$H803"312 !3M-012'.gU12 ﬃ;%('Zb
    ﬂ ﬃﬀ(' ﬂ *ﬃ*  &ﬀﬃﬀ('
f$ NP "312 ﬃ-*'3+\1(E k -*'..e"312'12ﬂ.*NsEm12ﬂ k ≥ 3 f%2+%( = .$:-*ﬂSU12)3"12Wb:
$H345)'ZABuM$&%( = 'M$M-*ﬂ128*' 1(E DQ-*'..e"312'12ﬂ+%(8*.'..gn%( = TM$1< $&%(P.]D-L12'.g512 ﬃ;%('.'.g
12'.SB%(8*'c. %('.'X*.cNBﬂ+%(-*$<b tfEF12ﬂs% = 12-*.*N%(%('.N12ﬂ.$* ﬃ"w%(-*-*ﬂ1%2"+$WAfToﬂk%( ﬃ-*
1hNB.S:%:EF12ﬂ8* =*= )*8*NBﬂ+%(-*$"$&%(ﬂ+%2"ﬂ
	 %(12J1(E DQ-*'..e"312'12ﬂ+%(8*':NBﬂ+%(-*$<i0u = ﬂ.Sl-&%(ﬂ;%('
ﬂ3)*'.M.o$* = .ﬂ3"12Wb
z/1 A*'M)X.5ﬂ1 = )"3\$#1212s1(ED-*'..e"ﬂ."<%('ŁNBﬂ+%(-*$ b





	   	   351 6
#% G = (V,E)  *E3






























H  ﬀA#ﬀ% G = (V,E) 
 2  
H
"
 8 3!#-!'> 424 ! * 	    !ﬃ2	
 

































































  $    χS(OC) = 2 
 

 * %'; 424

 "!#  "*&)2  3!:> ﬀ  $9 * "!$# !:+);      
H
* 









A!1&2  + 3!'>  > 9>>  )
* 2OC 
H
!#02  02  *2 




 * %'1 424
 "!$#  "*)2  3!:>ﬁﬀ  $9*ﬀ 3!#?0!: )1   +!   / )&0!'> 2   *)2 *9)23* "!/2  









	 +#0ﬀ%  3OC  ! *ﬀ "*24 3!# 
H
2 ? 3!'>  > 9>> 	0 
ﬀ*  "* !'02









 χS(3OC) ≥ 3 
B)G
    ﬀ(!"  ﬂ! ﬂ
  !" $
&%2" B b D nEF12'.'1<ME ﬂ12 $ﬃEZ%2"$&%(\<%2"$"'.4,)h"<%("312,+%(.Sﬂ"33l1(EM%( !1BO12!"gK"'
%( = $&%(H%(c1 =*= "gU"'7f12 DQ"312'12ﬂ+%(8*'#.n$#"';%2"<%('L+BbDf$ﬂEm12ﬂBAKuﬁ$&%3S#1ﬃ%2.NB
%O "312'12ﬂM1h%(H'<%2H12#Sﬂ~c1(ED$#$*.ﬂ = 1 =*= "gK"'\%2M$1 Xs.sY.NB)*ﬂ B b DKbuz/12ﬁ$&%(
.s%('.'}NB)*ﬂ3Mﬂ-*ﬂ35.*Nd%ﬃ-*'..e"312'12ﬂ.*NA&"'.45)3H%(ﬂ".ﬂ"' = +1:$&%(H12ﬁ h%3g = .*NB)*$
$ E ﬂ12 $\+%(8*'#M1(ED+%( !"312'12ﬂ<b
OC2OC1 OC3




  ﬀ      1
ﬂ 
1 6
#0ﬀ%  G 0! *ﬀ "*24 3!#&
H
2   "!:> ﬀ>+=> >& )ﬀ* 3OC C 323*E(H%'( !ﬃ2


























k ≥ 4 %( = Nﬂ+%('.
	<H$*Tﬂ3)*'.<b






> "*   3!ﬃ2 $!  ! 
H
k  ;   ﬀ*ﬁ
H
* 
<  k 







<  k 8 32  (H%')2 +1 "!ﬁ=* 










(k − 1) -*'..e"312'12ﬂ+%(8*'BbOIJﬃ128*+%(.J% k -*'..e
"312'12ﬂ.*N1(E
kKk








.d<%2"+$oﬂ h%(.*.*Nﬃ h%Q~U. h%(' m)*8Kj"'.45)BbT_// h%3gk128+ﬂS/$&%(fﬂ !1 S5.*Nh%(5ghSﬂ~k h%(v3
12)*ﬂhNBﬂ+%(-*$



















































































   
m












 ZbBb.A*$#ﬂ !1 S2%('Y1(ED%(5gkSﬂ~ogU' = H%
(k − 1) "312'12ﬂ+%(8*'\NBﬂ+%(-*$' 
B   
b

  ﬀ      1
ﬂ 	
1
kMk !:> kMk 
    Mk  "*ﬁ2  
,
 ) ;* ﬁ= #0ﬀ%  
H
 42 024 ! k 
 









O128*+%(. = 8,gq+%(vU.*N%(O !1B
k
"'.4,)3 m12hE ﬂ12 <%2"+$
= mR12.,
Mk
T%( = 85g!-&%(ﬂ.12*.*Nﬃ$7ﬂ h%(.*.*NﬃSﬂ"33u.,1
k
m12ﬂ
k− 1 AUEŁ~%2"'.g k "'.4,)3
%(ﬂ\ﬀM+%(8*'\+<bfrx12ﬂ31 Sﬂ<AEF12ﬂ7%('.'






























Em12'.'1 MHEmﬂ12 $O%()*1U"312 ﬃ-*' !,+%(ﬂ. g1(E
k
-*'..e"312'12ﬂ.*Nb









"gK"'3ﬁ12ﬂ/.ﬁ"312 ﬃ-*' !5<A}$l-*'..e"$*ﬂ12 h%(":,)* l80ﬂ
1(E
G














χS ≥ 3 8L3"<%() χS(mOC) = 3 A ∀m ≥ 3 b


































	 %(12c-*ﬂ128*' m3   B 
}EF12ﬂM%:)*ﬂSg AKX$ﬂ#T%(ﬂﬁ'1U12v5.*N:EF12ﬂM%O ﬃ.*. \)* Sﬂ~nX)"+$

































Y.NB)*ﬂ B b G?] FQ-*'..e"ﬂ."<%('6NBﬂ+%(-*$Wb











N(x) ∈ K0S2 AY%( = E x .%s+%(8*'!l$ N(x) ∈ K1S1 bd . ﬃ-*'.3\$&%(\Em12ﬂO%oSﬂ~
x
AE
N(x) /∈ K0S2 $s3"33++%(ﬂ.'.g x M.%!+%(8*'l7%( = A0. ﬃ.';%(ﬂ'.gA0E N(x) /∈ K1S1 $
3"33+%(ﬂ.'.g
x
l.%s"'.4,)Bbof$k3"312 = -&%(ﬂl"312l.J = .*N%n&%('
(2, 2)
"312'12ﬂ.*NSU;%









































































































































/. KkSp iL"31234,)5'.gAyEm12ﬂﬁSﬂgs"';%271(EPNBﬂ+%(-*$ C "'1B = )* = ﬂ#"312 ﬃ-*'




























    p, k ≥ 1 
H2  !
H
0 0" x ∈ ∪kj=1Sj 
 G[N(x)]  * (p, k − 1) 0@ 
 !'>
H
0 0" x ∈ ∪pi=1Ki 
 G[N (x)]  "*
(p− 1, k) 
 




"<%23MX.'.'}8L#~K$*.8*. = Emﬂ12 $*M~*%2"7%('.N12ﬂ.$* cb
     	  
(p, k)
"312'12ﬂ.*Nn1(EYNﬂ+%('ŁNBﬂ+%(-*$
    ﬂﬁNBﬂ+%(-*$
G
A
(p, k) ∈ N× N














    




G[{x} ∪N(x)] /∈ Kp−1Sk  	  

4 S ′ ←− S ′ ∪ {x} i

4




G[N(x)] /∈ KpSk−1  	  








































x /∈ K′ ∪ S ′  

4
[(K1x, . . . ,K
p




(p, k − 1) "312'12ﬂ.*Nn1(E G[N(x)] i
	
4

















Wx ⊆ ∪k−1j=1Sjx, |Wx| ≤ (k − 1)p
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G1, . . . , Gh
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αi,j(G)
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il ∈ {0, . . . , i}
rx12ﬂ31 Sﬂ<AKE
(i1, . . . , ih)
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cx ∈ C(x) A	8,g12'.S5.*Nw-*ﬂ128*' !ﬃ1(EMgU-L Pαi,j
bw12ﬂ:Sﬂg
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(|Mˇ r−1i,q |+ |Mi,s−q(crx)|, q ∈ {0, . . . , s}) i
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+!1-#% G = (V,E) 
 2  
H
"
 8 3!# *2 02 ( !'23* 0 	 $   !ﬃ2	

G  *& #ﬀ% 


 ∀V ′ ⊆ V, α1,1(G[V ′]) = α(G[V ′]) + ω(G[V ′])− 1 


 ∀V ′ ⊆ V *  /2  02 G[V ′] ∈ KpSk 
    p ≥ 1 
 
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P$&%(l%(5gJ"312NBﬂ+%(-*$ G $&%2$!"'.45)Zvﬂ'T.5ﬂ3"12
-*ﬂ12-0ﬂ gAfX$*"$ !<%(h$&%(dSﬂg h%Q~K. h%('ﬁ"'.4,)c1(E
G
$&%2k12oSﬂ~."312 ﬃ !12 X.$
Sﬂgc h%Q~U. h%('D+%(8*'Oﬁ1(E
G
bﬁf$,)<AL$ﬂl71 = mR12.,ﬁ-&%(.ﬂﬁ1(Eu%h h%Q~U. l)* "'.45)ﬃ%( = %
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 \/+)* !$&%( G 712#%k"312NBﬂ+%(-*$WAL$./X.'.'D"3125+%(.%(ﬁ'<%2ﬁ12O. = )"3 = P4 b7 
)Kh"33ﬁ1o128ﬂS:$&%(
α1,1(P4) = α(P4) + ω(P4) = 2 + 2 = 4
. ﬃ-*'.gU.*No$&%(







 ⇒ T M)Kh"33M1!12"3#$&%(/% P4 X.$s = N3 a1a2, a2a3 %( = a3a4 80'12*NH1 K1S1 8*)*
+%(v5.*N
a1a2







 ⇒  W (K1, . . . ,Kp, S1, . . . , Sk) 8L:%!-&%(ﬂ.121(E V .51 p "'.45)3#%( = k +%(8*'O<b
_/w"<%(
=
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K ∩ (K1 ∪ . . . ∪Kp) %( = KS = K ∩ (S1 ∪ . . . ∪ Sk) bT_/85S512)'.gA KS $&%2H%(M !1B k Sﬂ"33<b
I .$12)*/'1BH1(EDNﬂ+%('..gA}12l"<%(sXﬂ.




















L ⊆ K1 ∪ . . . ∪Kp X.$ |L| ≤ |KS | = s )"+$s$&%(
KC∪L Ł%f h%Q~K. h%(',"'.4,)P1(E K1∪. . .∪Kp bY`5."3 G 6%f"312NBﬂ+%(-*$WA(TT"<%(. ﬃ ! = ;%('.g+%<g/$&%(
(K1 ∪ . . . ∪Kp)\(KC ∪L) ∈ Kp−1S0 8,gn"312'12ﬂ.*Nﬃ$#"312 ﬃ-*' !,+%(ﬂgoNBﬂ+%(-*$Wb]f$WAKvU1<X.*N
$&%(
(Ss+1 ∪ . . . ∪ Sk) ∈ K0Sk−s A.ﬁ)Kh"33H1d$1  $&%( L ∪
[
(S1 ∪ . . . ∪ Ss)\KS
] ∈ K0Ss
1ﬃ128*+%(.c$\%2ﬂ12WA&%( !'.g







(L∪[(S1∪. . .∪Ss)\ KS ] b  '<%(ﬂ'.g
K ′ ∩ L 6= ∅ ."3 S1 ∪ . . . ∪ Ss ∈ K0Ss %( = |K ′| = s + 1 b\ w$ﬃ+%( !Ou%3gAWT:vU1<$&%(
K ′∩[(S1 ∪ . . . ∪ Ss)\KS] 6= ∅ 803"<%()+ |K ′| > |L| bY:X$&%(YEm12'.'1 M<A2T =  K ′L = K ′∩L =
{z1, . . . , zl′} %( = K ′S = K ′∩ [(S1∪ . . .∪Ss)\ KS ] = {a1, . . . , ah, ah+1, . . . , as+1−l′}
)"+$h$&%(
∀i ≤ h, {ai} ∪ KC O%c"'.45)I ai VO%(ﬂ!-L1B.8*'.gﬂZ. = ~K = l%( = $&%( ∀i ≥ h + 1, ∃wi ∈
KC
)"$s$&%(











1 {aj , zi, wj , xj} >=ﬀ* !:02: "!'>     P4 ⇒ ∀h, h+1 ≤ j ≤ s+1−l′, ∀i ≤ l′, xjzi ∈ E 
F ﬁ
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KC ∪K ′L ∪ {x1, . . . , xs+1−l′} $ * |KC |+ s + 1   )24 4ﬀﬀ*+2 *  32 ! !' 2 - );   







1 ∀i ≤ h, ∀j ≥ h + 1 
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|K|+ 1 Aﬂ-*ﬂ3, = 8,gd$XX.$c8L12' = Emﬂ+%( !3<AKX$*"$xg5' = H%!"312,ﬂ+% = "12Wb
f$x%(8L1<Soﬂ3)*'.k$1 M!.-&%(ﬂ")*';%(ﬂk$&%(
.'2 02 ( !'2 
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z/12%('1$&%(<AM85g $%()*1("312 ﬃ-*' !,+%(ﬂ. g1(El"312NBﬂ+%(-*$<AHTw$&%3Swﬂ.SU;%('.'.g $&%(dEm12ﬂo%('.'
V ′ ⊆ V )"$$&%( G[V ′] ∈ KpSk X$ﬂ k ≥ 1 AX$ G [V ′\S] ∈ KpSk−1 X$ﬂ S n%
 h%Q~U. l)* +%(8*'\M1(E
G[V ′]
b
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 pmin = min{p : G ∈ KpSk} 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S1, . . . , Sk
%(ﬂ = ﬂ ﬃ. = 8,gﬃ%/NBﬂ3 = g:"312'12ﬂ.*N\%('.N12ﬂ.$* 12ﬃ$fﬂ h%(.*.*NNBﬂ+%(-*$WbDD)Kh"33
1l128ﬂS7$&%(X%2"3"312ﬂ = .*Nﬃ1lf$312ﬂ FKb DKAUX$n$#%('.N12ﬂ.$* $&%2X%('.ﬂ<% = gd
pmin
"'.4,)3 A
$Xﬂ h%(.*.*N\NBﬂ+%(-*$kD. K0Sk %( = $,) = 153D12u% =  ﬃ.u%#"'.45)M1(E}
	< k+1 b	z712X$&%(P$
12*'.gx"312 ﬃ-*)*+%(12q"312ﬁ.x = .*N
pmin
 h%Q~K. \)* "'.45)3<A}X$*"$+%(v3 O(pmin(n + m))
. !BAy%( = ﬂ)***.*Nd12"3\$NBﬂ3 = gc"312'12ﬂ.*No%('.N12ﬂ.$* .x$ﬂ h%(.*.*NnNBﬂ+%(-*$WA&X$*"+$x+%(v3
12*'.gk'..<%(ﬂM. !Bb
/HEm12ﬂ
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 p0 = Min{p : G ∈
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-*ﬂ15"3 = )*ﬂﬁSU..*N:$7Sﬂ"33M1(EŁ$.ﬂM%21U";%( = "312ﬂ37E ﬂ12 $ﬁ'<%3S3f1O$7ﬂ1U12   
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   
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
ﬂ3 = go"315"312'12ﬂ.*N
    ﬂ%ONBﬂ+%(-*$
G = (V,E)
      ﬂ%ﬃ"31U"312'12ﬂ.*N Z 1(E G
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(|S|, |K|) %( = Z ← Z ∪ {X} i
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G← G[V \X] b
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G′ ∈ Kp−p′Sk−k′ btTg $5g5-L12$3<Afuc$&%3S z(G′) = z(G) − p′ − k′ 8*)*






p− p′ > 0 803"<%()\$-*ﬂ128*' T12)*' = 12
15"3")*ﬂPg<bYf$ﬂEF12ﬂBAuf \)P3"33+%(ﬂ.'.gO$&%3S
p−p′ = 0 b	z/1 A,12X"<%( = ﬂ.SX$uEF12'.'1<X.*N
.34,)&%('..3/).*Nﬃ$ﬁEZ%2"X$&%(
G′ ∈ K0Sk−k′ %( = z(G′) = χ(G′) = ω(G′) = k − k′ ?
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G = (A ∪ B,E) = 12o%xﬂ;%(*NB'FE ﬂ3o"312NBﬂ+%(-*$ X$*"$ :1285S512)'.g%s8*.-&%(ﬂ.
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g5' = M%O"312 ﬃ-*'
8*.-&%(ﬂ.#NBﬂ+%(-*$Wb
#X$&%(ŁEm12'.'1 M<A u = 12P8,g
H
$]8*.-&%(ﬂ.]NBﬂ+%(-*$
H = (A∪B,EH) X$ﬂ A = {a1, a2, a3} A
B = {b1, b2, b3} %( = EH = {a1b1, a2b2, a3b3} b L f$/ﬂ.-&%(ﬂ.NBﬂ+%(-*$ L = (A∪B ∪C,EL)
X$ﬂ
A = {a1, a2, a3} A B = {b1, b2, b3} A C = {c1, c2, c3} %( = EL = {aibi, aici, bici, i =
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8L/% h%Q~U. l)* +%(8*'/<b	f$WA5'
S′
807%# h%Q~K. \)* +%(8*'/+T1(E
G[V \S∗] A G[S′ ∪S∗]
78*.-&%(ﬂ.:%( = % =  ﬃ.
S∗
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α(G[V \ S∗]) ≤ 2 %( = "312345),'.g m."3k"312NBﬂ+%(-*$O%(ﬂh-0ﬂeEF3"ﬀA G[V \ S∗] ∈ K2S0 A
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G ∈ K2S1 b

  ﬀ     
!
1 ﬂ16








!'> !ﬃ ﬁ 
H
 42 > =ﬀ* !'02E!'2  "! !58 # 















G /∈ K2S2 b	W S∗ 8L/%\ h%Q~U. l)* +%(8*'/u1(E G AU%2"3"312ﬂ = .*N
1of$312ﬂ 5FKb DKA
G[V \ S∗] /∈ K2S1 b  12345),'.g7mCDﬂ12-01B.12FKb





%(ﬂ\+%(8*'BA |S1| = |S2| = 3 %( = G[S1 ∪ S2] % =  ﬃ.7%O-0ﬂeEF3"M h%("$*.*Nb
`5."3
S∗
u%('1\%ﬁ h%Q~K. \)* +%(8*'M+P1(E0$/"312NBﬂ+%(-*$





a′ ∈ S∗ A b′ ∈ S1 %( = c′ ∈ S2 b (a′, b′, c′) k%w h%Q~U. l)* "'.45)o1(E G′ Au"312345),'.g
mf$312ﬂ FKb D 




a′′ ∈ S∗ A b′′ ∈ S1 %( = c′′ ∈ S2 Au%( = G′′′ = G[(S∗ ∪ S1 ∪ S2) \
{a′, a′′, b′, b′′, c′, c′′}] /∈ K0S2 %( = "312,+%(.M%\ﬂ;%(*NB' (a′′′, b′′′, c′′′) X.$ a′′′ ∈ S∗ A b′′′ ∈ S1 %( =
























m3!ﬂ+%(""31s:%('Zb    
3b
sX$&%(XEm12'.'1 M<A'










j = 1, . . . , r
$$: {v1j , . . . , vlj}
A
X$ﬂ












3 ∗K2 %( = 3 ∗K3 b















  ﬀ+0! !: 2 > (H% !:)!ﬃ2 
H
-#ﬀ% 8 42 $ 2 Kl  "*E (l−1) 




















 #ﬀ% G  "* (p, 1)  @0)
  
H
!'> 0!    
H
 32E>  ﬀ*+!' 2C !ﬃ2  3! 2  
!58 #024 ! (p + 1) ∗K2 

ﬃ+3 #(!3 . 13+!
G &
 ﬀ	 #(ﬀ !ﬀ ,1!ﬀ #*3 ﬃﬃ  21+' ,& ﬀ	,1'431!+"ﬃ ﬀﬁ,ﬀ !ﬀ ,1!ﬀ #*3
ﬃ%ﬃ  3 '), 6 3 &ﬃ 3 4
G0G




6.&%('.'.gA$gd"312 !#)*-sX.$c$7Em12'.'1 X.*Nh$312ﬂ cb




2   ﬀ
 
351 6




!'> !ﬃ + 
H
 42 >=ﬀ*H!:02  !ﬃ2  3!
(p + 1) ∗Kk+1  *&!  "!'>   >?*   #ﬀ% 
 @  * %	ﬂ "	ﬀﬃ%ﬀﬃ !"! 	 
f$Mﬂ3)*'.T128*+%(. = .!$*u"$&%(-*ﬂf$1  $&%(PNﬂ+%('.
	< = "312'12ﬂ.*NO-*ﬂ128*' !u%(ﬂHﬂ+%($ﬂPT'.'
12'.S = .O$f"';%2	1(Ey"312NBﬂ+%(-*$<iB$gO% =  ﬃ.	. ﬃ-*'T-L12'.gU12 ﬃ;%('U. !f%('.N12ﬂ.$* !<bD \-&%(ﬂ")*';%(ﬂ<A
























M(i, i) = 1
 ﬂ3-L3".S'.g
M(i, i) = 0







M(i, j) = 1
 ﬂ3-03".S'.g



















































= ∗ AY%( = $ﬂ!#1 = ;%(N12&%('


























































(∗, ∗, ∗) Z8*'15"+v




























































$xNBﬂ+%(-*$-m3  F0D 
3bP MH%('+1!$1<X





































ﬃ  "('  ﬀ	 3. !3 .ﬃ ,' ﬃﬃ  3(+,1!"(2 13+!' ' 

+, 2 !* 3ﬂﬃ  1+3!' '  
 
3 +"' ﬃ











/h !,12 = %(h$s = 1(E#$c-*ﬂSU12)k"+$&%(-*ﬂ<AXﬂ3"312NB*
	3.*N -012';%(ﬂkNBﬂ+%(-*$k"<%( 80c+3
%2s%Nﬂ+%('.
	< = NBﬂ+%(-*$"312'12ﬂ.*N -*ﬂ128*' cb ^H3"312NB*
	3.*N-L12';%(ﬂcNBﬂ+%(-*$s%( !12)*5s. = 3 = 1
= ﬂ ﬃ.*.*NwX$$ﬂ!%sNB.SNBﬂ+%(-*$ % =  ﬃ.ﬃ%c-&%(ﬂ.12 1(EM.OSﬂ"33O.,1+%(8*'d:%( =
"'.4,)3O%('.'1<X.*Nx12*'.g12 !!-&%(ﬂ")*';%(ﬂ\'..*vKl%( !12*Nx+%(8*'!\%(
=













  D B 
P.\l$1<X$&%(\ﬂ3"312NB*











CDﬂS512):u12ﬂvUﬃ12 -L12';%(ﬂ:NBﬂ+%(-*$ﬃ"312"3ﬂ12 !d-012'.gU12 ﬃ;%('f. !kﬂ3"312NB*.12 -*ﬂ128*' !<bJ 

B 0F 





































H'vK3So/%('Zb  F 
6H$l"312 ﬃ-*'~U. gs+%()/1(E



















































 +""  13+! '
(P1, . . . , Pp,Q1, . . . ,Qk) 
ﬃ+"(ﬃ3#"( 2ﬃ. +2ﬀﬁ.' )!3 .ﬃ ,
(U1, . . . , Up, W1, . . . , Wk)

















ﬃ ﬃ3 205 ,.ﬃ ,'ﬃﬃ +22. , 2 ﬃ





   
ﬂ
 ﬀ




min(s, t) ≤ 1.  "$&%(ﬂ+%2"ﬂ
	 %(12J1(ED$3\NBﬂ+%(-*$
8,gOEF12ﬂ8* =*= k)*8*NBﬂ+%(-*$PDNB.S!.d`U3"12 Gb FKbDtf3 = 3 AB.d`U3"12 Gb GA,TMNB.S/%7-012'.gU12 ﬃ;%('
. !%('.N12ﬂ.$* EF12ﬂk = .*N %q';%(ﬂN3d. = )"3 = -012';%(ﬂn)*8*NBﬂ+%(-*$ ."312NBﬂ+%(-*$n).*N = gU&%( ﬃ"
-*ﬂ12NBﬂ+%( ﬃ ﬃ.*Nw12J"312ﬂ33 bﬃ6.&%('.'.gAŁT = ﬂ.Sk%dﬂ3"312NB*.12%('.N12ﬂ.$* EF12ﬂﬁ-012';%(ﬂl"312NBﬂ+%(-*$.
. ! O(n log n) .x`U3"12/Gb Kb
   % ' *  	ﬂ3'ﬁﬀﬃ*%
tfEm12ﬂ = +").*Nﬃ8*ﬂﬀ%go12 !#-*ﬂ12-Lﬂ3H1(EY-012';%(ﬂMNBﬂ+%(-*$ A*'M)fﬂXﬂ3"<%('.'Ł$.ﬂ = *.12Wb
       
 
1 2         	                351 6




 323*   )2 ?*9)2 V 0!  C% 24 424 !:>? 3!ﬃ2  (A,B) (A  B (  A%  *ﬀ*ﬀ    (H%:2   *    2 $02 A
 "!:> ﬀﬀ*  (H%')2  ( $@24 % 024 42  #ﬀ%    42C *  )0 "!
H
*)2 -*  23* ﬁ0!'> B    > "*   3!ﬃ2  $!  40!

H





 2  -(H%'( !ﬃ2E
H
   3! 
H
*)2 &* )23* 

.  /% 24 424 ! (A,B)  "*  "> 
% 















































































#%/ "* (s, t) % 
- 
H
 42C >(  323*  % @ % )24 424 4! (A,B)
   A  *  )0 "! 
H
02 ( *2 s *)2  * )23*&!'> B  !ﬃ 4! 
H
02 (  *2 t );   ﬀ*

f$,)O-L12';%(ﬂlNBﬂ+%(-*$ﬃ%(ﬂ#Re)l$







































































#ﬀ%/ "* ( !'ﬀ% 0@- 
H

















   	
5 ﬂ ﬂ  ﬂ!%ﬂ
   
ﬂ
 ﬀ  $  






















(H%')2  (s, t)
Z-L12';%(ﬂHNBﬂ+%(-*$Wb
tf%2"ﬃ-*ﬂ12-0ﬂ3l1(EM"312NBﬂ+%(-*$O%(ﬂd%('.ﬂ<% = g =  = .q$ﬃ-*ﬂSU12)\"+$&%(-*ﬂ<iD$ﬂ!u!)!$








G1 ⊕ G2 = 123l$.ﬂXR12.  X.$"312 ﬃ-*'h'..*vU
%( =














   
" ﬂ3'ﬁ!)ﬀ   ')ﬀﬃ*% *	 ﬂ1*ﬂ *ﬀ ﬂ 






















+ #ﬀ% G 
 2  
H
3@ 8 "!# *2  2 ( !ﬃ23*& 	 $   0
!'2	






!: 42   G !' G !ﬃ2 0 "! * !1 !: 
H






 *& 3!'>  >















   ⇒  P`5."3/Sﬂgﬃ. = )"3 = )*8*NBﬂ+%(-*$n1(E6%#-L12';%(ﬂPNBﬂ+%(-*$hT-L12';%(ﬂu%( = $/"312 ﬃ-*' !,
1(E#%w-L12';%(ﬂ!NBﬂ+%(-*$ ﬃ-L12';%(ﬂ<AT.ﬃ!12)*NB$1$1  $&%(
H1, . . . ,H4
%(ﬂo12KZ-L12';%(ﬂ<b `5)*-*-L1B
H1, . . . ,H4
%(ﬂ:-L12';%(ﬂ<b\Y.ﬂ<AL.ﬁﬁﬂ12)*.:1n"$3"vw$&%(#12:1(E
H1, . . . ,H4
% =  ﬃ.l%h-L12';%(ﬂ
-&%(ﬂ.12ﬃX.$ﬃ12T+%(8*'f<bY*)*ﬂ$ﬂ !12ﬂBA5."3u%/"312 ﬃ-*'YR12.O1(Ey+%(8*'u+ŁD%/"312*3" =
)*8*NBﬂ+%(-*$WAL./Em12'.'1 M/$&%(7.<%2"$1(E]$EF12)*ﬂ7NBﬂ+%(-*$<AL12l1(EP$O"312 ﬃ-L12,ﬁ \)/. = )"3ﬃ%
= mR12.,#)**12J1(ET"'.45)3<b  '<%(ﬂ'.gAW.7ﬁ12ﬁ$:"<%2lEF12ﬂ#%(5gx1(Eu$lNBﬂ+%(-*$ b 7"3l$g%(ﬂ
12KZ-012';%(ﬂ<b

 ⇒ P`5)*-*-L1B G P12KZ-L12';%(ﬂ<b]7)* !/X.$12)*f'1BT1(E6Nﬂ+%('..gd$&%( G u ﬃ.*. h%('012K
-012';%(ﬂ<bD7)* !/%('1#X.$12)*u'1BP1(E}Nﬂ+%('..gh$&%(P$M"312NBﬂ+%(-*$
G
















"312,+%(.P1ﬁ. = )"3 =
P3





















SA ∪ SB b!f$,) A6%2)* !!$&%( G[A] $&%2l%('<%2 T1s+%(8*'
ﬁ.Sﬂgs-L12';%(ﬂﬁ-&%(ﬂ.12Wb\W

































































































































-!1 a ∈ D \ S, ac 
     


























-!1 a ∈ D \ S, ax 















N(c)∩ S  *A; 3!: ?>> ﬀ > (  3!'024 !  3! N(c) \ S 
8    
 2  )+ !'
2     )24  ﬀ* x, y ∈ N(c) ∩ S *    2 $02 H 0*)(  a, b ∈ N(c) \ S, xa, xb, ya !'> yb 

    
    	 
 & # ﬂ ﬂ!%ﬂ
   
ﬂ
 ﬀ  $  




































 x ∈ S \ {d} 0!'> H  a, b ∈ N(c) \ S 













































G[A] $ *& % 





































































































    
" ﬂ3'ﬁ!)ﬀ   ')ﬀﬃ*% *	 ! *%"*ﬂ1*ﬂ *ﬀ ﬂ 
	    *  "ﬀ	"!9%    
ﬀ)ﬂ 
"





 )*8*NBﬂ+%(-*$ iT%o !12ﬂ
.,S12'.S
=




   
ﬂ
 ﬀ





0&  #ﬀ% G 
 2  
H
3@ 8 3!# *2 02 )( )!ﬃ23*& 	    !ﬃ2	
 





!  32   G !'0 G !'2  "! *E! &!:H
H
2   #0ﬀ%  * G1, . . . , G9 
H 
 @#   

  * !  3!'>  >




G  G  "*  > "*   3!ﬃ2 $!  40! 
H
2 ﬀ* $
> #% *-!:>?0( %:













   ⇒  :`5."3O$ﬃ"312 ﬃ-*' !,\1(EX%h !1212-L12';%(ﬂ#NBﬂ+%(-*$q%( = Sﬂgx. = )"3 = )*8*NBﬂ+%(-*$
1(E#%x !1212-L12';%(ﬂ!NBﬂ+%(-*$ %(ﬂc%('1w !1212-L12';%(ﬂ<AP.ﬃﬃ12)*NB$ 1$1< $&%(









)**12x1(E]%(X'<%2M T1!"'.45)3<b  7"3ﬁ$gc%(ﬂﬁ12M !1212-012';%(ﬂ<b












































































    	 
 & # ﬂ ﬂ!%ﬂ
   
ﬂ
 ﬀ  $  










G2 = ((C4 ∪K1)⊕K1) ∪K1 i
."
x














G9 = ((C4 ⊕K1)⊕K1) ∪K1 i
.S 
x





































Em12ﬂ +%(8*':/8,gx"Z.S 7%( = %(ﬂ:%('+1





























































































































































































. = )"3#$*ﬂ3$12' = NBﬂ+%(-*$MX.$c1!ﬂ;%(*NB'3<b
"nE
A
"312,+%(.d%(. = )"3 =
P3 ∪ K1 AT$ B  \)!8Lc%"'.45)BA]EF12ﬂ!12$ﬂX G
"3125+%(.
G5 = ((P3 ∪ K1) ⊕ 2K1) ∪ K1 b  /"3 G′ o%$*ﬂ3$12' = NBﬂ+%(-*$WAﬁ%2

















 h%3g12o"312,+%(. %( . = )"3 =
P3
 1%<S12 =
G9 = (P3 ⊕ P3) ∪ K1 n%( =  h%<g 12c"312,+%(.%( . = )"3 = K2 ∪ K1  1 %<S12 =













































































 ﬀ !9D' ﬂ1*    ﬀ ﬂ






































































































	 ﬀ   ﬂ!"
 ﬀ('  
ﬂ

























"<%(q80:EF12)* = .'..<%(ﬂl. !:Em12ﬂ
%(,g
x
.k$/"312ﬂ3	 D ﬁ 
b	H'+1*A.P$&%2T8L3k$1 Xh.kf$312ﬂ FKb D$&%(u%# h%Q~K. \)* $*ﬂ3$12' =
)*8*NBﬂ+%(-*$l.:"312NBﬂ+%(-*$Y	128*+%(. = 85g#$P)**12ﬃ1(Ey%(5g h%Q~U. l)* +%(8*'T+Y%( = %(,g h%Q~K. \)* 





W$T)*8*NBﬂ+%(-*$\. = )"3 = 8,g#$PSﬂ"3361(E
MC(x)∪MS(x)
%( =








z/12:$&%($ﬃEm12'.'1 X.*Ns' ﬃ h%2l%(ﬂh3+%(8*'.$ = EF12ﬂ"312 ﬃ-*)*.*Nw%o h%Q~U. l)* p)*8*NBﬂ+%(-*$%(O%
0
ZSﬂ~}A&%2)* ﬃ.*N!$&%(/%('.'W-&%(ﬂ+%( !ﬂ712s"$*.' = ﬂx3 =  = EF12ﬂX$"312 ﬃ-*)*+%(12%(ﬂ%('.ﬂ<% = g
v51 XWb  12345),'.gAﬁ$ h%Q~K. \)* )*8*NBﬂ+%(-*$
M












. = )"33l12h+%(8*'!+.q"$*.' =
cix
AW$
A = ∪iAi  . = )".*N
12H+%(8*'/ﬀ]%( =


























   ! ﬁ024 
 MUC(x) !'> MJS(x) 0! (H%  2 >
H
+!  0   2   x

















































   !  24
 MMPS(x) !'> MMPC(x)  !?E0( % $2 >
H
0 !1 0    )2 
x  3! 24 3(  O(h2) 








































$X+%(8*'X	-&%(ﬂ]8L.*N#$f)**12!1(E0 h%Q~K. \)* +%(8*'
u.d<%2"+$c"$*.'
=















   
ﬂ
 ﬀ
 h%Q~U. l)* "'.45).%(12$ﬂ/"+$*.' =  ED8L12$x%(ﬂ\"312 ﬃ.*NkE ﬂ12 $\+%( !l"$*.' = $x.7%( !12)*5
1ﬃ8L%O h%Q~U. l)* 
(s, 1)
Z-L12';%(ﬂ/)*8*NBﬂ+%(-*$s1(E	$"+$*.' = )* = ﬂ/"312 = ﬂ+%(12'b
f$X. !M"312 ﬃ-*'~K.gﬃ = )f1$X$*.ﬂ = ﬂ X$ﬂM$f h%Q~K. \)* D+%(vh1 SﬂT%(,g:-L1B.8*'
-&%(.ﬂH1(ED"$*.' = ﬂWb
    
 
1  ﬀ 1
   !  024 




   )2  x  "! 24 3(  O(h2) 











H  h%Q~K. \)* -L12';%(ﬂ)*8*NBﬂ+%(-*$J\128*+%(. = .$ﬂ8,g+%(vU.*No$ﬃ)**12J1(EM%d h%Q~U. l)* 
-012';%(ﬂ/NBﬂ+%(-*$s.s12l"$*.' = %( =  h%Q~K. \)* )**12x1(ED"'.4,)3/.s12$ﬂ/"+$*.' = ﬂWAy12ﬂH8,go+%(vU.*N!$
)**12w1(E	$ h%Q~K. \)* 1(EP%:$*ﬂ3$12' = NBﬂ+%(-*$WAy%ﬃ h%Q~K. \)* )**12x1(E]"'.45)3/%( = %ﬃ h%Q~U. l)* 
(1, t)







































 !1/ #ﬀ% G #0   )!7ﬀ/ 323* 024 





7_/7 h%<gh$*.*vh1(EY%(o%('.N12ﬂ.$* <%(ﬂ"+$*.*NO$ﬁ"312ﬂ3HE ﬂ12 $/'<%3S3f1l$7ﬂ1512<AK%(
=




























































f$l"312 ﬃ-*'~K.gx O(n2) ."3lW ﬃ h% Gb
B)Go%( = W ﬃ h%?Gb






Sﬂ"33<A%O h%Q~K. \)* T.NB$,/-012';%(ﬂM)*8*NBﬂ+%(-*$
"<%(8LhEF12)*
=





     	   
ﬂ ﬂ  !"
   

 ﬂﬀ
   !9ﬂ *ﬀ%"ﬀ('ﬁﬀﬃ*% *	 ﬂ1* ﬂ *ﬀ ﬂ 
	
 = 3 = ADf$312ﬂ Gb
B x1(Eﬁ`U3"12 Gb Gx. ﬃ-*'.3ﬃ%s-012'.gU12 ﬃ;%('f. !hﬂ3"312NB*.12 %('.N12ﬂ.$* EF12ﬂ
-012';%(ﬂd"312NBﬂ+%(-*$<iﬁNB.S %q"312NBﬂ+%(-*$
G = (V,E)
AHX$ﬂ |V | = n A G k-L12';%(ﬂhEl%( = 12*'.g E
n(MP (G)) = n
b  /ﬂ\TONB.Sl%k. ﬃ-*'ﬂ#%('.N12ﬂ.$* X.$%!8LﬂH. !O"312 ﬃ-*'~U. g = 3" = .*N
X$$ﬂ/%ONB.Ss"312NBﬂ+%(-*$cX-L12';%(ﬂM12ﬂX12<A&%( = 8*)*.' = .*Nn%O-012';%(ﬂX-&%(ﬂ.12xE6$ﬂ#M12BbPf$
 h%(.d = <%:1(E6$ﬁ%('.N12ﬂ.$* T$&%(H%(M%
0
ZSﬂ~d1(EY$7"312ﬂ3BAK$ﬁ)* = ﬂ'.gU.*NﬃNBﬂ+%(-*$nf-012';%(ﬂ
ET%( = 12*'.gsEP$ﬂOﬁ%h-L12';%(ﬂ7-&%(ﬂ.121(ET<%2"+$J"312*3" = "312 ﬃ-0125
Gi
X.$J%(7 !1B#12
+%(8*'k+<AY12ﬂO$ﬂdO%(O !1B:12n"312*3" = "312 ﬃ-L12,:X.$ u112ﬂl !12ﬂd+%(8*'nl.
Sﬂgh-L12';%(ﬂX-&%(ﬂ.12x%( = %('.'}$#12$ﬂH%(ﬂ = mRe12.5X)**12M1(EY"'.45)3<bDY.ﬂ<AK'X)X3+%(8*'.$
$7Em12'.'1 X.*Nh' ﬃ h%Kb





! !  2 > (1,∞) 
% 0@ #ﬀ%    I "*+!  32   /)1    !'  2 ﬀ* $
>
#%
  "*&?0( %:
)2  (1,∞) 
% @0#ﬀ% K∗(1,∞)  	 "*&! &#!ﬃ 




  12 = ﬂ	%












%(,gd h%Q~U. l)* +%(8*'+X'<%3S3/%!"'.4,)Bb


























































-*ﬂ15"33ﬁ1n$:NBﬂ+%(-*$1(EuY.NB)*ﬂ Gb c% Hg5'
=










































P (G) = (A,B)
$!u
= 
P (G) = (B,A)




803"312 !"'.45)3  ﬂ3-L3".S'.g +%(8*'ﬀb  '<%(ﬂ'.g
P (G) = P (G)
%( = .no%('1 %q-L12';%(ﬂ
-&%(ﬂ.12Wb
b
u$7,)* l80ﬂ/1(E6"312*3" = "312 ﬃ-0125X$&%3SU.*N!%(f'<%2fT1ﬃ+%(8*'7+T.oSﬂg
-012';%(ﬂ#-&%(ﬂ.12Wbﬃ/'1*AL)*- = %(.*N
(A,B)
 !<%(#$&%(\%2"3"312ﬂ = .*Nc1n$:-L12';%(ﬂﬁ-&%(ﬂ.12q1(ET$
"312*3" = "312 ﬃ-L12,M)* = ﬂM"312 = ﬂ+%(12WAT% =*= .X+%(8*'#=mﬀP.
A
%( = .X"'.45) mﬀT.
B
b
 	     
 
1    1 
0&!1 #0ﬀ%  G 

6
 #ﬀ 42 (  0!I#0!  
<   )2   G  *& % 
H#ﬀ%




H/'.N12ﬂ.$* ﬁ NB.S3T%ﬁN,%(.Sﬁ%(uﬂPX$h$ﬂHP%(P'<%2P12M"312*3" = "312 ﬃ-0125
X.$ﬃ~*%2"'.g\12u+%(8*'fY.OSﬂg\-012';%(ﬂY-&%(ﬂ.12!%( = %(12$ﬂD"312*3" = "312 ﬃ-L12,<AX$*"+$
D.$ﬂT%ﬁ+%(8*'X+D12ﬂT%ﬁ"'.4,)f12ﬂP%7$*ﬂ3$12' = NBﬂ+%(-*$!12ﬂP%
K∗(1, t)























f$#$.NB$5/1(E	$"312ﬂ3BA*X$*"+$c O(log n) b














    ﬂ%:-L12';%(ﬂX-&%(ﬂ.12














































































  ﬀ  
b = 1
%(
= ∃j )"+$c$&%( ∀i ∈ {1, . . . , h}, i 6= j Gi H%:"'.4,)  	  

4
P (G) ← (A,B) ∪ P (Gj) i   Gj  "*+2   !  ﬁ0! !: 2 >  (H% !:!'2E!'02    H  3!#
1 "!: 
  )!'  Gj  "*!:02  (1, t) 

















X12H%:-L12';%(ﬂXNBﬂ+%(-*$ $+A   b

4
  ﬀ 
	
4
P (G)← P (G) b





   * %	ﬂ "	ﬀﬃ%ﬀﬃ !"! 	 
ﬃ$*]"+$&%(-*ﬂ<A,u = S'12-L = %#"$&%(ﬂ+%2"ﬂ
	 %(12n1(EL-012';%(ﬂT%( =  !1212-L12';%(ﬂT"312NBﬂ+%(-*$P8,gOEF12ﬂ8* = 
= x)*8*NBﬂ+%(-*$<bHC612'.gU12 ﬃ;%('	. !ﬂ3"312NB*.12J%('.N12ﬂ.$* !/Em12ﬂ/-012';%(ﬂﬁ%( =  !1212-L12';%(ﬂ7"312NBﬂ+%(-*$
X.$s. !O"312 ﬃ-*'~U.37ﬂ3-L3".S'.g O(n log n) %( = O(n) %(ﬂ = ﬂ.S = A}%2Hu'.'	%2ﬁ% = gU&%( ﬃ"
-*ﬂ12NBﬂ+%( ﬃ ﬃ.*Nd%('.N12ﬂ.$* 1O = %: h%Q~U. l)*  T.NB$5 = X-L12';%(ﬂH)*8*NBﬂ+%(-*$s.x%:"312NBﬂ+%(-*$Wb
W#)ﬁﬂ3"<%('.'D$&%(\%('.$12)*NB$J.# NP "312 ﬃ-*'ﬃ1dﬂ3"312NB*
	<ﬃ-012';%(ﬂ#NBﬂ+%(-*$.Nﬂ+%('ZAW.ﬁ80
"312 !3-L12'.g512 ﬃ;%('.'.gJ12'.SB%(8*'ﬃ)* = ﬂO12 !!".ﬂ")* !+%("33<bd EF%2"<A6T!$&%3Sk%('.ﬂ<% = g-L12., =
12)*D$&%(]f$312ﬂ B b F G\1(E0& = ﬂPP%('ZbEm12!-&%(ﬂM%( =ﬃ= fNBﬂ+%(-*$ﬀ6. ﬃ-*'.3P.  12ﬂ12'.';%(ﬂg B b F
$&%(6EF12ﬂD%(,g\NBﬂ+%(-*$
G













Z-L12';%(ﬂ/"312NBﬂ+%(-*$M8,gkEm12ﬂ8* =*= s)*8*NBﬂ+%(-*$XT12)*' = 8L#%O&%()*ﬂ+%('W"312,.5)&%(12WbT/'1
12#$12)*' = ~K-*'12ﬂ# !12ﬂ#Nﬂ+%('Ł)*8L"';%23H1(EY-LﬂeEm3"XNBﬂ+%(-*$H1ﬃ"$&%(ﬂ+%2"ﬂ
	<l$.ﬂM-L12';%(ﬂ.gb
f$*M = M$ = +")12s12c-L12';%(ﬂXNBﬂ+%(-*$M.s$* = ﬂ+%(12WbTo$#Em12'.'1 X.*Nk"$&%(-*ﬂ AT
N1ﬃ8&%2"vo1ﬃ$\) = go1(E
(p, k)















f$*u"+$&%(-*ﬂXf8&%2 = 12  G B 
0X$*"+$c) = 3u$7"312 ﬃ-*'~K.gn1(EŁNﬂ+%('.


















/-L12'.gU12 ﬃ;%('.'.gx12'.SB%(8*'\X$*.':rx.q`5-*'..e"312'12ﬂ.*No NP Z$&%(ﬂ = b*)*ﬂ$ﬂ !12ﬂBAWT:$1<$&%(
rs.

1U"312'12ﬂ.*NOﬂ h%(.P-L12'.g512 ﬃ;%('.'.g!+12'.S2%(8*'H.h'..MNBﬂ+%(-*$u1(E}'..Z-0ﬂeEF3"PNBﬂ+%(-*$ A,X$ﬂ<%2







85g G = {G∪nK2n} ABX$ﬂXrx.  15"312'12ﬂ.*N
 NP Z$&%(ﬂ = %( = rx.s`5-*'..e"312'12ﬂ.*Nhf-L12'.g512 ﬃ;%('.'.gn12'.SB%(8*'Bb]f$*X$1<MM$&%(X121(E6$3
-*ﬂ128*' !on$&%(ﬂ
=





























   
3





    
3















       	 
3
CY12'.g512 ﬃ;%(' NP Z$&%(ﬂ = NP Z$&%(ﬂ =







































.Y%(8*' Kb DsX$ﬂdun%('+1x !512 $d';%(ﬂN3O"';%2+:Tdv51  .
 B
 	
    	 
ﬂ
 ﬀ
X$*"$ $k-*ﬂ128*' )* = ﬂO"312 = ﬂ+%(12 l-L12'.g512 ﬃ;%('.'.g12'.S2%(8*'BAD12ﬂl$n h%('.'3:"';%2\u
v51 EF12ﬂHX$*"+$$\-*ﬂ128*' )* = ﬂ7"312 = ﬂ+%(12w NP Z$&%(ﬂ = A}%2"3"312ﬂ = .*Nn1!$O"312 ﬃ-*'~K.g
.)&%(12Wb
2 ﬀ     ﬀ  ﬀ 3
p
2 	  ﬀ 3
k
      
0
CY12'.gU12 ﬃ;%(' CY12'.g512 ﬃ;%('ZAy  ﬂ3=
NP Z$&%(ﬂ = A  8*.-&%(ﬂ.=
 C612'.gU12 ﬃ;%(' NP Z$&%(ﬂ = A  8*.-&%(ﬂ.=
   
(k ≥ 2)
CY12'.gU12 ﬃ;%('ZAy  '..Z-LﬂeEF3"ﬀ NP Z$&%(ﬂ =
NP Z$&%(ﬂ = A  ﬂ;%(*NB'FEmﬂ3=

































































































































































































































b  7ﬂBAQuP ﬃ.*. ﬃ
	<T$]12+%('U,)* l80ﬂ	1(Eﬂ;%(*NB'3<A28*)* = '3	%( =  h%("+$*.*N





H'.$12)*NB$O'..PNBﬂ+%(-*$D%(ﬂT126-LﬂeEF3"<AQ85g"312 = ﬂ.*Nﬁ$T = NZSﬂ12D1(ENﬂ+%('.
	< = "312'12ﬂ.*N














iW$*#X.'.'D8LO)Em)*'D1 = S'12-q-012'.gU12 ﬃ;%(']. !ﬃ~%2"
%('.N12ﬂ.$* !M.c$ﬁ-*ﬂ35/"+$&%(-*ﬂ7%( = %(-*-*ﬂ13~K. h%(12%('.N12ﬂ.$* !H.o$#~KM"$&%(-*ﬂ<b
 
(p, k)
 ﬂ **)ﬀ%ﬁﬀ *	 ﬃﬀﬃ%"! ﬀ ﬂ
"
Wo)dﬂc3+%(8*'.$ $ NP Z$&%(ﬂ = 3c1(EO8012$ rx. a = N`5-*'..e"312'12ﬂ.*N %( = rs. a = N
 15"312'12ﬂ.*N!.s'..ﬁNBﬂ+%(-*$<b

  ﬀ      ﬀ 1 1
	 
H








>9# 0 * %'; 424 @0) "1 32   "* NP  (H%'





.'2  2 ( !ﬃ2
uHM"'<%(ﬂ'.go. NP %( = T\-*ﬂ1<S\. NP "312 ﬃ-*'3H85gc%ﬃﬂ = )"12
E ﬂ12 
=
N FQ"312'12ﬂ+%(8*.'.. g m$1 Xl1H80 NP "312 ﬃ-*'T.   





























































































































  - 03? 0 - <.=














    	 
ﬂ
 ﬀ





EuSﬂgw h%Q~U. h%(' DQ"312*3" = "312 ﬃ-L12,\%n"'.4,)BbO^H h%(ﬂvx$&%(#'..
NBﬂ+%(-*$]1(Eyﬂ33]%(ﬂX-03";%('K8*'1U"v\NBﬂ+%(-*$]X$ﬂM%(,g\Sﬂ~:	"312,+%(. = .h%(	 !1B	 T1"'.45)3<i
$*H = )1h$#EZ%2"H$&%(H$l12*'.gc"'.4,)3H.w%!'..NBﬂ+%(-*$x1(EP%!ﬂ3\"312ﬂﬂ3-L12 = 1h8*)* = '3
.n$712ﬂ.NB.&%('LNBﬂ+%(-*$s%( = 12ﬁ = N/8L'12*Nf1:%(u !1Bu T1O8*)* = '3X"3,ﬂ = %(T8L12$o = u1(E
$H = NBbD !$M345)'ZAu/%2)* !M$&%(T%8*'15"+vONBﬂ+%(-*$k]NB.Sk8,g:$M'.T1(EL.T"'.4,)3A X.$
$.ﬂl




	<3Y1(E$T"312ﬂﬂ3-012 = .*N#"'.45)3	%( = 8*';%2"v\Sﬂ"33	%(ﬂT$u-&%(ﬂ+%(12:Sﬂ"33<b
I $*.!%( = 8*';%2"+vsSﬂ"33\%(ﬂﬃ%('.ﬂ&%( = .$lEm12ﬂ3<iW%hX$*.:Sﬂ~wﬂ-*ﬂ3,.*Nw%k"'.45)
K










 (pmin, k) 
ﬀ 3!# 0!7 *   >I "! 24 "(  1 3!:  3! 2  
! $(  -
H















• $ = NBﬂ3l1(E	<%2"+$cSﬂ~Li
• $ !'  > #0  5)* \8Lﬂh1(Eﬁ% = R%2"3,hSﬂ"33ﬃX$*"$ %(ﬂn12ﬃ'<%<S3ﬀO1(E7<%2"+$ 8*';%2"v
Sﬂ~}i










f$12-*. h%('..gc1(E	$12'.)*12sﬂ3)*'.fEmﬂ12 $7Em12'.'1 X.*N!EZ%2"<?
F%  m~K-*ﬂ3
=












































  ! 	 

  ﬀ




    ﬂ7$ﬁEF12ﬂ3Xﬂ-*ﬂ3,+%(12w1(ED%ﬃ8*'15"+vkNBﬂ+%(-*$
G
A& L 1(E	'<%3S3 A&%(c.,Nﬂ k
       ﬂ# P 1(ED"'.4,)3X.s% (pmin, k) "312'12ﬂ.*Nn1(E G

4








































  ﬀ  














  ﬀ  















































































    	 
ﬂ
 ﬀ
aP%2"$x. !12\%(-*-*'.3Hﬂ)*' F% A  8'f12ﬂ+m"=A$#ﬂ h%(.*.*NhNBﬂ+%(-*$c/%OEm12ﬂ3XX$1B#ﬂ33M$&%<S
$:+%( !\8*';%2"+v,ZX$*.ﬃﬂ)")*ﬂBAL%( = %(12-*. h%('D12'.)*121(E]$*/NBﬂ+%(-*$~K = 7$l")*ﬂﬂ5
12'.)*12s1!%(x12-*. h%('Ł12'.)*12m1(E	$#X$12'#NBﬂ+%(-*$'b
Y.&%('.'.gAB12f$&%(	X$ L 803"312 !3D ﬃ-* gA$uﬂ h%(.*.*N#NBﬂ+%(-*$!"312	1(E&. = -L = ,P+%(ﬂ
X.$d%ﬁ8*';%2"+v!"3,ﬂf%( = X$*.M'<%<S3T1(ELT.NB$5
(k+1)
iK"$12"33T h% = /%(T-/B ﬁ%(ﬂM1285S512)'.g
12-*. h%('Zb
W\)1< SB%('.)&%(!$ﬃ"312 ﬃ-*'~K.gbdf$ﬃ.*.;%('.
	 %(12-*$&%2ﬃ3 = #. ! O(L) m<%(ﬂ"$*.*N
%('.N12ﬂ.$* ?AWX$ﬂ
L
= 123#$O,)* l80ﬂ1(EPX$*.OSﬂ"33  $ﬂﬃ%(ﬂﬃ%(ﬁ !1B
L
8*';%2"vxSﬂe
"33ﬀbXf/<%2"+$w- KAﬁKA B9Fh%(/'<%2/12\X$*.Sﬂ~cMﬂ !1 S = bHW/)Xﬂ7S2%('.)&%(\$
,)* l80ﬂH1(EY)*- = %(3f.o- B O~*"3-*fEm12ﬂf8*ﬂ+%("$ = NBﬂ33 bT`5)"$o)*- = %(3M%(ﬂﬁ-0ﬂeEF12ﬂ ! = X$
%k8*';%2"vsSﬂ~x/ﬂ !1 S = AŁ%( = "312"3ﬂ = .ﬂ3"'.gc.7.NB$,8L12ﬂ$151 = b#f$O12+%('	"312 ﬃ-*'~K.gx
O(L)  $\,)* \8Lﬂ/1(E] = N3ﬀbfY.&%('.'.gA$,)* \8Lﬂﬁ1(E	. !3H$8*ﬂ+%("+$ = NBﬂ3l1(E]%ﬃSﬂ~n
)*- = %( = f%(T !1BT$ = NBﬂ3ﬁ1(EW$*TSﬂ~}bDf$ﬂEF12ﬂBA5$71<Sﬂ+%('.'}"312 ﬃ-*'~K.gk O(L) b
z/12O$&%(ﬁ$ﬃ%(801 SOﬂ3)*'.ﬁ-*ﬂ1<SU = 3ﬁ-012'.gU12 ﬃ;%('P%('.N12ﬂ.$* !7Em12ﬂ%('.'	12)*ﬂﬁNﬂ+%('.
	< = "312'12ﬂ.*N
-*ﬂ128*' !E 12Ł3"33+%(ﬂ.'.g#X.$l$P+%( !P. !P"312 ﬃ-*'~K.3ﬀW.\8*'1U"v#NBﬂ+%(-*$	%( = "312345),'.g
.c'..#NBﬂ+%(-*$/1(EYﬂ33H%2MT'.'Zb
 $, *$,+*   (

B - 0 - 03?.0 - < =

0   *A<.4 : -;8 <E8;B

- : 4/'&

















































?!1  % )24 32  #ﬀ% G 
 
H
z′(G) = ∆(G) − t    t > 0 
 2  !   )24 4ﬀﬀ*

















.,1 Z ′ bl ﬁ<%2gs1nSﬂEmgs$&%(#.X$&%(ﬁEF12'.'1<M A}T!"<%(*12#$&%<Sh%
12'.)*12sX.$s%ﬃS2%('.)ﬁ8LﬂM$&%(















-0!1 ) % 024 42  #ﬀ%

6
 #  32 (






 "!$#  3! 24 3( 






  ! 	 

  ﬀ
     	   a = N\"31U"312'12ﬂ.*Nh1(E	8*.-&%(ﬂ.NBﬂ+%(-*$
    ﬂ#%O8*.-&%(ﬂ.NBﬂ+%(-*$
G


















z′(G) = 1 + z′(G[V \ {x}])  	  






 	  
	




/f$d"312ﬂﬂ3"3:1(E//'.N12ﬂ.$* B0BhEm12'.'1 MOE ﬂ12 W ﬃ h% Kb FK?h%(:<%2"$ -WA	.$ﬂ!%('.'
 h%Q~U. l)* = NBﬂ3/Sﬂ"33P$&%<SH1\80H."'.) =  = . Z ′ A,12ﬂTT7"<%(k"312 ﬃ-*'/$/ = N/"315"312'12ﬂ.*N
8,gd h%("$*.*N712*'.gA&%( = 1ﬃ12$ﬂ = 3"12sT12)*' = 8Lﬁ8Lﬂ<b
f$M. !7"312 ﬃ-*'~U. g! O((m+n) log n) 85g!).*NO%$<%(-hX.$d$MSﬂ"33u.h12k."ﬂ<%2.*N

































24 !#ﬀ*  )  >>
H
( !1 *) $24 !
 2  !
6
 #  42 (

8 !'> * ! ﬀ%:24 3( 
9
 "!$#  "!   ﬀ )@* *&
H








	  %'( 
H
>  4> 3!#   )2   z′(G) ≤ k 
   k ∈ N 
  "* NP (H%')2 
 "!  % 24 42 &( @24 @#0ﬀ%  * 
C  !  
H






/f$X-*ﬂ128*' ﬂ.S5;%('.'.g:8L'12*ND1 NP b6 !12ﬂ = ﬂP1ﬁ-*ﬂ1 SM.D.5ﬂ+%2"+%(8*.'..gAKTM-*ﬂ12-01B
%ﬂ
=
























       ; 42  ﬀ% % 0 * 02E(  *)2E2   24 3( ﬀ* 

!'>?2  &! ( )+
H
)
* ﬀ*& "*&02  *)2  

24 "( ﬀ* 2  &! $( +
H



























  ,  13+!
G = (V, E) &

k 
 3   ﬃ 30'ﬁ 'ﬂ!	#' 
V ′ ⊆ V
ﬃﬃ ' 
	  ﬁﬀﬁﬃ ' 
k
'ﬂ!   ﬃ ﬃ3	+""
vivj ∈ E &










 3 ﬁﬃ  3)ﬃ+3),ﬃ)'#,ﬃ -),&ﬃ
#*
NP 





    	 
ﬂ
 ﬀ












 $7&%()*ﬂ/1(EW$/ﬂ';%( = '..ﬂ+%('ZAU-01B..S712ﬂPN,%(.SBAK8L.*NO-*ﬂ3ﬂS = A
$3"312 = 12x85g
x2i















x1i , . . . , x
k
i








$c,)* l80ﬂn1(E"';%()3<b  !
ﬂ+%(.NB$,eEF12ﬂu%(ﬂ = 1lSﬂEmg!$&%(f.n$7.+%("3BA*<%2"$n'..ﬂ+%('W%(-*-0<%(ﬂM%(f !1Bu$*ﬂ37. !3<A
%( = SﬂgSB%(ﬂ;%(8*'d%(\ !1BEF12)*ﬂ\. !3:%( = %('<%2\X"3Bb  1234,)5'.gA
m′ ≥ 2n′/3 %( =
"';%()3f"312,+%(.c%(u !1B
4n′
'..ﬂ+%(' X.$dﬂ-L.12ﬀb] Pﬂ h%(.u-01B+.8*'M1l)
2n′
'..ﬂ+%('
l1, . . . , l2n′




y1, . . . , yn′
%( =
n′(2 + 2bn′/3c) "';%()+3<? (yi, y¯i, li), (yi, y¯i, ln′+i) A
i = 1, . . . , n′
AW%( =
(yi, y¯i, yn′−i), (ybn′/3c+i, y¯bn′/3c+i, y¯n′−i)
A
i = 1, . . . , bn′/3c blf$3:"';%()3
%(ﬂ7ﬂ)HEF12ﬂfSﬂghﬂ)*$c%2.NB* !5X%( = Sﬂg!'..ﬂ+%('Ł%(-*-L<%(ﬂX%(T !1Bu$*ﬂ37. !3X%( !12*Nh%('.'
"';%()3<bOrx12ﬂ31 Sﬂ<AW$ﬂh%(ﬂﬃ%(#'<%2
2n′/3 + 2n′ + 2bn′/3c > 3n′ "';%()3  n′ > 6 MEm12ﬂ 2n′
S2%(ﬂ;%(8*'3 bDz/12f&%('.'.gﬃ$&%(P$/%(8L1<SM"312ﬂ)"12d]-L12'.gU12 ﬃ;%('ZAX$*"$n"312"'.) = 3T$X-*ﬂ151(E









W ﬃ h% Kb U?
m ≥ 3n/2 %( = <%2"$c'..ﬂ+%('6%(-*-L<%(ﬂ/%(X !1BM$*ﬂ3#. !3<b
Wﬁ)H$wﬂSU.H$lﬂ
=




X$ﬂ |V | = 2n + 3m %( = |E| = n + 6m %( = +%(eEmg5.*N ∆(G) ≤ 4
)"$s$&%(<?
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bc JX$&%(lEm12'.'1 M<AYTk$1<










































e ∈ E ADuo% =*= %w Xe
1(E
2n + 4m + 7
Sﬂ"33













K = {y1, . . . , yk+2} =
{y1, . . . , yn+2m+2} 1(EPSﬂ"33"312 ﬃ-*''.g"312*3" = 1dSﬂ"331(E V ∪W 85g = 12)*8*'ﬃ = N3<?
'
EK = {(yiv)1, (yiv)2, i = 1, . . . , n + 2m + 2, v ∈ V ∪W} bDf$5)<?










V 1B = K ∪ E
%( = 8,g
V 2B = V ∪W ∪ (∪e∈EXe)
$!"312'12ﬂl"';%231(E B bﬃf$
"312ﬂ)"12cM"'<%(ﬂ'.gn-L12'.g512 ﬃ;%('Zb]ŁM)X$sSB%('.)&%(#$ = NBﬂ31(E	Sﬂ"33M. B ?
∀v ∈ V ∪W,dB(v) ≤ 4 + 2k + 4 = 2n + 4m + 8;
∀e ∈ E, dB(e) = 2n + 4m + 9;
∀y ∈ K, dB(y) = 2|V ∪W | = 4n + 8m + 8;
∀x ∈ ∪e∈EXe, dB(x) = 1.
τ(G) ≤ n + 2m ⇒ z′(B) ≤ 3n + 6m + 8
WM)f1<)*-*-L1Bﬁ$&%(
τ(G) ≤ k = n + 2m %( =o= 1285g V ′ ⊂ V AKX$ﬂ |V ′| = n + 2m A
%OSﬂ~o"31 SﬂH1(E
G
b]WM)X$x"312 = ﬂ B \ V ′ = B[V 1B ∪ V 2B \ V ′]
b
`5."3 |V ′| = n + 2m %( = V ′ "31<Sﬂ/ = N3M1(E G AKX$c12ﬁﬂ !1 S3 V ′ AK$ = NBﬂ3#1(E6Sﬂ"33
.
E





$ﬁ h%Q~U. l)* = NBﬂ31(E B \ V ′ +%(e&3<?
∆(B \ V ′) ≤ max{2n + 4m + 8, 2n + 4m + 9− 1, 4n + 8m + 8− 2(n + 2m)}
= 2n + 4m + 8.

1234,)5'.gA
z′(B \ V ′) ≤ n + 2m + 2n + 4m + 8 = 3n + 6m + 8 b
τ(G) ≤ n + 2m ⇐ z′(B) ≤ 3n + 6m + 8
W	)61 )*-*-L1B
z′(B) ≤ 3n+6m+8 %( = "312 = ﬂ6Sf X ′ ⊂ (∪e∈EXe), E′ ⊂ E, V ′ ⊂
V,W ′ ⊂W %( = K ′ ⊂ K A*)"+$c$&%(<?




12]8,g B′ $]NBﬂ+%(-*$ B\(W ′∪X ′∪E′∪V ′∪K ′) = B[V 1B∪V 2B \(W ′∪X ′∪E′∪V ′∪K ′)]
b
I .$12)*T'1BP1(EWNﬂ+%('.. gA5u/"<%(n%2)* !H$&%(















WM)M$x12"3#$&%( |E′| ≤ 2n + 4m + 8 < |E| buoEZ%2"<A*.c$l12-*-01B."<%2BA*u =  = )"3
E ﬂ12 .345)&%('..g  Kb
B=u$&%(
|K ′|+ |V ′| < 3n + 6m + 8− (2n + 4m + 8) = n + 2m < |K|.

1234,)5'.gA
K \K ′ 6= ∅ %( = |(V ∪W ) \ V ′| > n + 2m + 4 A0X$*"$. ﬃ-*'.3ﬁ$&%( ∆(B′) >
2n + 4m + 8
b]Y.&%('.'.gA*85gn).*N |E ′| > 2n + 4m + 8 A*T#N<?





`5."3 |E′| < |E| %( = X ′ = ∅ A*u =  = )"3 ∆(B′) ≥ 2n + 4m + 7 %( = .34,)&%('.. g  Kb
B=u. ﬃ-*'.3<?
|K ′|+ |E′|+ |V ′| ≤ 3n + 6m + 8− (2n + 4m + 7) = n + 2m + 1.
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    	 
ﬂ
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IJ =  = )"3
K \K ′ 6= ∅ %( =









E \ E′ $&%2ﬃ%s.NB$,8L12ﬂ:. V \ V ′ A	X$*"+$ . ﬃ-*'.3
∆(B′) ≥ 2n + 4m + 8 b
f$WA,.345)&%('..g/ Kb
B=	. ﬃ-*'.3 |V ′| ≤ n+2m %( =  !12ﬂ31<Sﬂ<AU."3 K \K ′ 6= ∅ A85g:"312 = ﬂ.*N
$ = NBﬂ31(E	Sﬂ"33M.
K \K ′ A*T#N
∆(B′) ≥ 4n + 8m + 8− 2|V ′|.
345)&%('..g  Kb
B=D. ﬃ-*'.3 |V ′| ≥ 4n+8m+8− (3n+6m+8) = n+2m bYf$5) |V ′| = n+2m b
 12345),'.gA |V ′| + ∆(B′) = 3n + 6m + 8 %( = $.34,)&%('.. g  Kb






∆(B′) ≥ 2n + 4m + 9 %( =
"312345),'.g
z′(B) ≥ 3n + 6m + 9 A*X$*"+$x"312"'.) = 3M$-*ﬂ151(Eb
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k ∈ N bsf$kﬂ';%( = 4,)312q<?  "*  42 %  * * ﬁ2  (    k  24 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B ∪ (∪v∈V 1
B
Xv), EB ∪EX) = (V 1B′ , V 2B′ , EB ∪EX)
X$ﬂ ∀v ∈ V 1B ∪ V 2B, Xv = {x1v , . . . , xk−1v }
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V ′ ⊂ VB )"$$&%( |V ′| ≤ k
%(
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∆(B′[VB′ \ V ′]) = k AKX$*"+$s. ﬃ-*'.3 χS(L(B′)) ≤ k b
WM)X1 )*-*-L1Bﬁ$&%(
χS(L(B
′)) ≤ k bD X !<%(M$&%(<?















V ′ ⊂ VB ?	.c$#12-*-L1B."<%2BA*"312 = ﬂH$

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V ′\(V ′∩(∪v∈VB Xv))
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n} 
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G′ = G ∪ nK2n bDIJ\%('+1ﬃXﬂ.#$&%( G = {G ∪ nK2n} 8,gc%(8*)
1(E/';%(*NB)&%(NBb Wﬃ):ﬂOﬂ h%(ﬂv $&%(





















































































z(G′) ≥ z(G) + n %( = $ﬂEm12ﬂ z(G′) = z(G) + n b
c"312"'.)12WAEm12ﬂ7%(,gnNBﬂ+%(-*$
G′
. G = {G ∪ nK2n} Arx.x`5-*'..e"312'12ﬂ.*NkHﬂ.S5;%('ŁX$*.'rs.

15"312'12ﬂ.*N! NP Z$&%(ﬂ = b
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 ∀ % )24 C#0ﬀ%  * G′  H G 
 χ′(G′) = ∆′(G′) 
    ∆′(G)  * 2  I@04#*2 ! $(   H
(  2  0" ? >   )!ﬃ2C>9#ﬀ*

rs.:a = N  15"312'12ﬂ.*Nﬁ"3126. = .*N#%H ﬃ.*. \)* ,)* l80ﬂ	1(E8*)* = '3<A2ﬂ;%(*NB'3D%( =  h%("+$K
.*Nn$&%(d"31 Sﬂs%('.'/$ = N3<bz712w$&%(duw$&%3S
χ′(G) = ∆(G)
E




∆(G) ≥ 3 AD = N3ﬃ1(E/%c'..Z-LﬂeEm3":NBﬂ+%(-*$ "<%(80
-012'.gU12 ﬃ;%('.'.gx"31 Sﬂ = 8,g
∆(G)
 h%("+$*.*N m"312 = ﬂ.*Nc<%2"$"312'12ﬂ%27%h h%("$*.*NiY%(%('.N1(
ﬂ.$* ﬃ"-*ﬂ1U1(E	1(E	.M"<%(c8L7Em12)* = .  F  
b
WX)uﬂfﬂ h%(ﬂvd$&%(fEm12ﬂ










 h%("$*.*NA	12ﬂ#u1o h%("$*.*N AY%( =
z′(G) = 3
12$ﬂX+Bb!X$&%(ﬁEF12'.'1<M AWT!X.'.']12*'.g = <%('
X.$c$"<%2ﬁX$ﬂ
∆(G) ≥ 3 b




∆(G) ≤ z′(G) %( = .c$l12-*-01B."<%2BA*ZbBb.A*E ∆(G) > z′(G) Ay.XX.'.'Ł."'.) = 
.q$!+12'.)*12.$ﬂO%o8*)* = 'h12ﬂl%nﬂ;%(*NB'h.J$!ﬂ h%(.*.*NxNBﬂ+%(-*$WbnX$&%(\Em12'.'1 M<AŁu
ﬂH$1  $&%(M$ﬂ~KM%(s12-*. h%('Ł = N\"315"312'12ﬂ.*Nh1(E]%O'..Z-LﬂeEm3"MNBﬂ+%(-*$sX.$s%(M !1B
12#ﬂ;%(*NB'Bb
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(Z ′, T ′) X.$w%: ﬃ.*. \)* ,)* l80ﬂ71(E	ﬂ;%(*NB'3 A
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x /∈ Z ′ =⇒ $ﬂwo%(n'<%2n12xﬂ;%(*NB'"3125+%(.*.*N Sﬂ~ x . $12'.)*12Wb
X"3"312ﬂ
=
.*N1W ﬃ h% Kb
B0B ATEﬁTo)x%wﬂ;%(*NB's"312,+%(.*.*N %wSﬂ~
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"312 ﬃ-*'T$P = NP"31U"312'12ﬂ.*NA2. ﬃ-*'.gU.*N
z′(G) ≥ d(x)−1 %( = $ﬂEm12ﬂ z′(G) = d(x)−1 b
 X !<%(M$&%(X$ﬂ#H%(x12-*. h%('Ł = N"31U"312'12ﬂ.*NhX.$x%(X !1B/12ﬁﬂ;%(*NB'Bb
uEF12'.'1<MX$&%(f.o$#"<%27X$ﬂﬁ$ﬂﬁM%(c12-*. h%('W = N#"31U"312'12ﬂ.*Nh"312,+%(.*.*Nh~%2"'.gn12
ﬂ;%(*NB'BA6$*\ﬂ;%(*NB'h$&%<S!1x"312,+%(. %oSﬂ~
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P = NM"31U"312'12ﬂ.*N\X$*"$ = 153]12P"312,+%(.n%(,g
ﬂ;%(*NB'BAy$
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tTﬂ.*NB.*Nd%('.'W$3#"312 = ﬂ+%(12/12N$ﬂ<Au#$&%3S
z′(G) = min{∆(G), 1 + z′(G[V \ {x}]), 1 + z′TF (G(V,E \ E(G[T (x)]))}.
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z′(G) = min{∆(G), 1 + z′(G[V \ {x}]), 1 + z′TF (G(V,E \ E(G[T (x)]))}, T (x) =




z′(G) = 1 + z′(G[V \ {x}])  	  
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4 Z ′ ← ∅, T ′ ← ∅ b
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(p, k)′ 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 * * G  H #ﬀ%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 2 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 α′0,k
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1(ETNBﬂ+%(-*$ G = {G ∪ nK2n} bﬃ EF%2"<AŁ%d8Lﬂl%(-*-*ﬂ1<~U. h%(12ﬂ+%(1c"<%(J<%2.'.gw80ﬃ128*+%(. = b
!d$1 X . CDﬂ12-01B.12 Kb ﬁJ$&%(!EF12ﬂd%(,g
G′ ∈ G AfTx$&%3S z(G′) = n + z(G) AMX$ﬂ
G′ = G ∪ nK2n X.$ G 1(Eﬁ
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X$&%(ﬁEF12'.'1<M<ALu = S'12-q%(J%(-*-*ﬂ13~K. h%(12%('.N12ﬂ.$* EF12ﬂﬁrx.a = Nh`5-*'..e"312'12ﬂ.*NbOW
A 80n%s-012'.gU12 ﬃ;%('f. !n%('.N12ﬂ.$* "312 ﬃ-*)*.*Nq%(  = N (∆ + 1) "312'12ﬂ.*NEF12ﬂ:%(5gqNBﬂ+%(-*$ 1(E
 h%Q~U. l)* = NBﬂ3
∆

B  G 
T%( = %(q12-*. h%('u = N!"312'12ﬂ.*NcEF12ﬂ#'..Z-0ﬂeEF3"\NBﬂ+%(-*$  F  
b!/'1*A
T = 12o%( = Nn-*'..e"312'12ﬂ.*N85g S ′ iT%x12'.)*12l$d:1(EH = N3:." = ,:1xSﬂ"33
. S ′ "312 ﬃ-*' = 8,g %( = Nn"312'12ﬂ.*NbwIJn"312 = ﬂ:$!EF12'.'1<X.*Nq%('.N12ﬂ.$* EF12ﬂOrx. a = N
`5-*'..e"312'12ﬂ.*Nb
     	  
!

ﬂ3 = go = N-*'..e"312'12ﬂ.*N
    ﬂ%ONBﬂ+%(-*$
G
A& = N"312'12ﬂ.*Nk%('.N12ﬂ.$* A
      ﬂ%(s = N-*'..e"312'12ﬂ.*N S ′ 1(E G

4 S ′ ← ∅ i
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4 S ′ ← S ′ ∪ {x} i
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k = min{d : |{x : d(x) >
d}| ≤ d} b]oX$&%(MEm12'.'1 M<A*T\$1< $&%( λGr(G) ≤ k + 1 ≤ 2χ′S(G) + 1
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. S ′ %( = S ′∗ = S ′ \ {r}









. S ′ . = 3"ﬂ<%2.*N12ﬂ = ﬂk1(E#$.ﬂ
 
     	 

 ﬂﬀ
= NBﬂ3BAySﬂgnSﬂ~c. S ′ $&%2 = NBﬂ3:%(M'<%2 |S ′| b  12+34,)5'.gA |{x : d(x) ≥ |S ′|}| ≥ |S ′| b
l !<%(l$&%( |S ′| < min{d : |{x : d(x) ≥ d}| < d} bx lOﬂ+%(.NB$5eEm12ﬂf%(ﬂ = 1sSﬂEmg$&%(
min{d : |{x : d(x) ≥ d}| < d} = k + 1 %( = $,) λGr(G) ≤ |S ′|+ 1 ≤ k + 1 b
`U3kY.NB)*ﬂ Kb
B!EF12ﬂ\$d.'.'.)ﬂ+%(12 1(EM$kEm)*"12
y1 = |{x : d(x) > d}| %( = y2 = |{x :
d(x) ≥ d}| i6$WA k "<%(J80ﬃ<%2.'.gw"312 ﬃ-*)* = 12q$:NBﬂ+%(-*$*"k%2#8L.*No$! h%('.'3#SB%('.)ﬃ1(E
d
)"+$J$&%(\$:Em)*"12
y1 = |{x : d(x) > d}| ﬂ h%(.l)* = ﬂ$"NBﬂ+%(-*$ $ﬃ1(EX$ﬃ = 5.g
E )*"12m12ﬂM"312." = 3/X.$c.ﬀb
d




y1 = |{x : d(x) > d}|
∆(G) − 1
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!:02 ﬁﬀ T 2   *9)2H
H
24 !#ﬀ*
!'> ﬀ B 2  E*9)28
H
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






> #  2  *)2 2χ′S(G) + 1 2  02 +!'02  !ﬃ2 )-
H
ﬁ$!'>   3! B















































































NBﬂ3O%(X !1B |X| . I bDIJﬁ$c$&%<SB?
∑
x∈X






 %#4 ﬃ  ﬂ'ﬃ ﬀ
∑
x∈X
(|Bx|+ |Tx|) ≤ 3|T |+ |X||B|.  Kb D 




|Tx| ≥ (χ′S(G) − |B|+ 1)|X| − 3|T | ≥ (|T |+ 1)|X| − 3|T |.
 12345),'.g |X| ≤ 5 b:tT)*<AL.$*#"<%2+BA}$:,)* l80ﬂ\1(Euﬂ;%(*NB'3. T X.$ = NBﬂ3 Fk. I
\%( !1B# T1c."3h%(,gwNBﬂ+%(-*$JNﬂ+%( = 85gx$*ﬂ3!ﬂ;%(*NB'3l%( = %(# !1BﬁS!Sﬂ"33"<%(
80n"31 Sﬂ = 8,g$*ﬂ3k8*)* = '3 A]X$*"$ :12:-L1B.8*'dEH$n12'.)*12  ﬃ.*. ﬃ
	<3ﬃ$d5)* \8Lﬂ
1(EHﬂ;%(*NB'3<bJf$WA]E |T | ≥ 2 A	.345)&%('..g  Kb D \"<%(8Lhﬂ-*';%2"3 = 85g ∑x∈X(|Bx| + |Tx|) ≤
2|T | + 2 + |X||B| . ﬃ-*'.g5.*N |X| ≤ 4 bXtugn$\+%( !O%(ﬂNB)* !,%2M-*ﬂSU12)'.gA0."3l%(5goNBﬂ+%(-*$





. ﬃ-*'.g5.*N |X|(|T |+1) ≤ 4|T |+2 %( = $,) |X| ≤ 3 bDY.&%('.'.g
E |T | ≤ 1 A].345)&%('..g  Kb D l8L3"312 !3 ∑x∈X(|Bx| + |Tx|) ≤ 3 + |X||B| . ﬃ-*'.g5.*N |X| ≤ 3 A
X$*"$w"312"'.) = 3M$#-*ﬂ1U1(Eeb
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BA*T#$&%<S
λGr(G) ≤ 2χ′S(G) + 1 ≤ 7χ′S(G)/3
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.'2 02 ( !'2 









. !  8,g A #X.$ ∆ "312'12ﬂ:E ∆ ≥ 3 A]%( = .$ﬂlX.$ Dx12ﬂ Fx"312'12ﬂ:E ∆ = 2 bE ∆ = 2 A
H'.N12ﬂ.$* B9Fo)3l%( !1B+Fo"312'12ﬂ bkE
∆ ≥ 3 AŁT#Re)$&%<S!1o12!$&%(<AŁ.J$h-*ﬂ151(EX1(E
.'2 02 ( !'2
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V1 = {xi, i = 1, . . . , 2p} A V2 = {yij, i = 1, . . . , 2p, j = 1, . . . , p + 1} ∪ {ui, i = 1, . . . , p} A






2p + 1 = ∆(B)
A




yij, i = 1, . . . , 2p, j =
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k+1+ |{x : d(x) > k}| i5$!$ﬂ

     	 

 ﬂﬀ
     	  
 

ﬂ3 = go = N"315"312'12ﬂ.*N
    ﬂ#%ONBﬂ+%(-*$
G
A = N"312'12ﬂ.*Nn%('.N12ﬂ.$* A
       ﬂ%(c = N"31U"312'12ﬂ.*N Z ′ 1(E G

4 Z ′ ← ∅ i

4
 	   
∆(G \M) + |M | < ∆(G)     M = {x : d(x) = ∆(G)}

4 Z ′ ← Z ′ ∪M i

4
G← G[V \M ] i

4
"312 ﬃ-*)*O%(c = N"312'12ﬂ.*Nk1(E	$#ﬂ h%(.*.*Nh = N3H8,g A b
!%( = No"315"312'12ﬂ.*Nq"312.*NJ. 8*)* = '3 {x : d(x) > k}  ﬂ-*ﬂ3, = 8,g$.ﬂh"3,ﬂ+%('




k + 1 + |{x : d(x) > k}| "312'12ﬂH"';%23<b
WX)fﬂM)*-*-L1Bﬁ$&%(X$ﬁ*~* =  ﬃ.*. \)*  = N"31U"312'12ﬂ.*N = 153f12/"312,+%(.x%(5gdﬂ;%(*NB'Bb
f$WA |{x : d(x) > z′(G)}| ≤ z′(G) ."3:%('.'	8*)* = '3#1(ET
	<ONBﬂ<%(ﬂﬁ$&%( z′(G) $&%3S:1k80
+%(v %2:8*)* = '3ﬃ.%( 12-*. h%('/12'.)*12Wbrw12ﬂ31<Sﬂ<ATE |{x : d(x) > z′(G)}| = z′(G) Au%(
12-*. h%('L+12'.)*12 m"3125+%(.*.*N!12*'.g!8*)* = '3ﬀP$&%2P8L3 = 3" = %(f%\+%(N/1(E6$/"312 ﬃ-*)*+%(12
1(E
k
bP`U1lu#"<%(c%2)* ! |{x : d(x) > z′(G)}| ≤ z′(G)− 1 AU8*)*f.n$*X"<%2BAU8,g = *.12s1(E k
T#$&%<SB?
k + 1 + |{x : d(x) > k}| ≤ z′(G) + 1 + z′(G)− 1 = 2z′(G).








































































i ∈ {1, 2} A}u
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1 | + |V ′
1+
2− k,k

















 %#4 ﬃ  ﬂ'ﬃ ﬀ
     	   ﬀo/-*-*ﬂ13~K. h%(12x1(EDrs.sa = Nl`5-*'..e"312'12ﬂ.*Nk1(E	8*.-&%(ﬂ.NBﬂ+%(-*$
    ﬂ%d8*.-&%(ﬂ.ﬃNBﬂ+%(-*$
B = (V1, V2, E)
AŁ12-*. h%('P = N!"312'12ﬂ.*Nw%('.N12ﬂ.$* A .J8*.-&%(ﬂ.
NBﬂ+%(-*$+ .c. ! O(∆m) 























k ∈ {1, . . . ,∆(B)} "312 ﬃ-*)* |V ki |







di ← min{k : |V
1+
2− k




| ≤ k};S ′i ← V
1+
2− di
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 	       1 
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 = (5 − √17)/4 ' 0.22 %2 =  = .$x%('.N12ﬂ.$* cb hk$cﬂ1U12k1(E
1+ = 2(1−)2 X$*"+$:6 h%('.'ﬂY$&%(ﬁB bŁ WEF12'.'1<MY$&%( 2− ' 1.78 %( = (1+)/(2−) ' 0.68 b
WX)uﬂf12ﬁ$&%(
d = di0 = min{d0, d1, d2}
AUX$ﬂ




i = 1, 2
A
di = min{k : |V
1+
2− k




| ≤ k} bOrw12ﬂ31<Sﬂ<AW.ﬁ#. ﬃ ! = ;%(!1kSﬂEmgs$&%(









































i = 1, 2
 127$&%(
(1 + )/(2− ) ≤ 1 b

12"3ﬂ*.*Nn$\"312 ﬃ-*'~K.gAy'..3AFKA KA !%(
=
:3
= O(m) -/X$*.''..&G!3 =  O(mn) b
*)*ﬂ$ﬂ !12ﬂBAW$:12-*. h%(']
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"312'12ﬂﬂ)*#.. ! O(∆m) X$*"+$q = 12 ﬃ.&%( = 8,g O(mn) i6$"3
$1<Sﬂ+%('.'Y"312 ﬃ-*'~U. go O(mn) b
W\)1< %(&%('.g$	<!$k%(-*-*ﬂ13~K. h%(128L$&%3SU12ﬂl1(Ef$h%('.N12ﬂ.$* cbnGﬁ12ﬃ8,g
` = χ′S(B)
?
∃L1 ⊂ V1, L2 ⊂ V2, |L1| = `1, |L2| = `2, `1 + `2 = ` %( = ∆(B \ (L1 ∪ L2)) ≤ ` APX$ﬂ
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x ∈ Vi \ Li, i ∈ {1, 2} %( = d(x) ≥ ` + r AK$ |N(x) ∩ Li¯| ≥ r
X$ﬂ
i¯ = 3− i b








 ﬀ  ﬂ1








i = 1, 2
A$W?
|V `+max(`1,`2)1 ∪ V `+max(`1,`2)2 | ≤ |V `+`21 |+ |V `+`12 | ≤ `1 + `2 = ` ≤ ` + max(`1, `2).
IJ =  = )"3BA
d0 ≤ ` + max(`1, `2) ≤ `(2 − ) X$ﬂ:$O';%2ﬁ.34,)&%('.. gx$12' = #."3Ou
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bH MEF12'.'1<M/E ﬂ12 $O%(8L1<S
ﬂ';%(12D$&%( |V `(1+)1 ∪V ′`(1+),`(2−)2 | ≤ ` ≤ (2−)`

















1 |V `(1+)1 | < `
b
12ﬂ7Sﬂg
x ∈ V2 \ L2 )"$x$&%( d′`(1+)(x) > `(2− ) A*u$&%3S\8,goCDﬂ12-Lﬂg 2  3
|N(x) ∩ (L1 \ V `(1+)1 )| ≥ `(1 − )
bMf$WA08,gc"312
=
ﬂ.*Nn$l,)* \8Lﬂ E 1(EP = N3
8LT3











(|V ′`(1+),`(2−)2 | − `2)`(1 − ) ≤ E ≤ (`1 − |V `(1+)1 |)`(1 + ) ≤ `1`(1 + )












|V ′`(1+),`(2−)2 | ≤
`(1 + )
1−  = `(2− 2).

12345),'.g |V `(1+)1 |+ |V ′`(1+),`(2−)2 | ≤ `(2− )
A*X$*"+$s. ﬃ-*'.3






















d = min{d0, d1, d2} +%(e&3M$~U-L3" = ﬂ+%(1*b
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